Abstract: A spatio-temporal metasurface is proposed to decompose in real time the temporal frequencies of electromagnetic waves into spatial frequencies onto a two-dimensional plane. The metasurface is analyzed and demonstrated using Fourier analysis. The required transmittance function is derived from an equivalent free-space optical system consisting of the cascade combination of a wedge, a diffraction grating and a focusing lens. The metasurface must exhibit both multi-resonance over a broad bandwidth and 1-D grating-type scanning to achieve the specified 2-D frequency scanning in space. Compared to state-of-the art related systems, the proposed metasurface system is more compact as it requires only one dispersive structure, while maintaining the high frequency resolution that characterizes 2-D spatial-temporal mapping systems. 
Introduction
Real-time spectrum analysis is a ubiquitous signal processing operation in science and engineering. It involves real-time frequency discriminating devices that separate the various spectral components of a signal in either the space domain or the time domain. Typical applications include spectral analysis for instrumentation, electromagnetics and biomedical imaging [1] [2] [3] , ultrafast optical signal processing [4, 5] , and dense wavelength demultiplexing communication systems [6, 7] , to name a few.
The heart of such systems is a spatial temporal dispersive device. Typical devices are optical prisms, diffraction gratings, arrayed-waveguide gratings (AWGs) [8, 9] , Bragg gratings [10] , phasers [11] , leaky-wave antennas [12] and virtual image phased arrays (VIPAs) [13] . While these systems have been extensively used for frequency discrimination along 1-dimension, there has always been a huge demand to increase their frequency sensitivity and resolution by exploiting a second dimension of space.
For this reason, various 2-D real-time frequency analysis systems have been recently reported in the literature. The first system of this type was introduced in a patent filed by Dragone and Forde filed in 1999, and used an arrayed-waveguide grating, a diffraction grating and focussing lenses [14] . Several related systems have been proposed since then, all utilizing free-space propagation between two diffractive elements to achieve the same effect [1, 6, 15] . However, while offering enhanced resolution and sensitivity, these 2-D spectrum analyzers are bulky systems.
This paper presents a metasurface approach of 2-D temporal to spatial frequency decomposition. Compared to the aforementioned approaches, the resulting system exhibits dramatically reduced size, since it utilizes a single electromagnetic dispersive element instead of two. Metasurfaces generally consist of nonuniform spatial arrays of subwavelength scattering particles and provide unprecedented flexibility in controlling wavefronts in space, time or both space and time [16] [17] [18] [19] [20] [21] . Figure 1 depicts a conventional 2-D decomposition system. This system operates as follows. Consider the modulated pulse,
Principle of 2-D Spatial Spectral Decomposition

Conventional System
where ν 0 is the carrier frequency, k = 2π/λ 0 = 2πν 0 /c is the wavenumber with λ 0 and ν 0 being the wavelength and temporal frequency, respectively, and Ψ(x, y;t) is the pulse envelope, with spectral bandwidth ∆ν = ν max − ν min . At the input of the first dispersive element, the wave is ψ(x, y, 0 − ;t) = Re{Ψ(x, y;t)}, where the time dependence e jν 0 t has been dropped for simplicity.
Dispersive element #1 spectrally decomposes ψ(x, y, 0 − ;t) along the x−direction, which results in the wave ψ(x, y, z 1− ;t) in the plane z = z 1− . Then dispersive element #2 decomposes this wave along the y−direction, which results in the wave ψ(x, y, z −2 ;t) in the plane z = z 2− . This wave is finally focussed by the lens onto the focal plane z = z 1 + z 2 + f , so that each frequency ν (or wavelength λ ) of the input wave is mapped onto a specific point [x 0 (ν), y 0 (ν)] in this plane. The first dispersive element is typically either an AWG or a VIPA, with multiple free-spectral ranges (FSR), ∆ν FSR , within the operation bandwidth, ∆ν, of the system, so that x 0 (ν) = x 0 (ν + n∆ν FSR ), where n is an integer. This leads to the so-called spectral shower, represented in the right of Fig. 1 . The total depth of the system is ∆z = z 1 + z 2 + f . In principle, this depth can be reduced to ∆z min = (z 1 + f ) by placing the lens directly after the second dispersive element [9] , but really requires the spacing z 1 between the two dispersive elements. One may naturally ask the following question: can such a spectral shower be obtained using a single dispersive element, so that the system size reduces to ∆z = f , as suggested in Fig. 2 ? This question is addressed here using a metasurface as the dispersive element that will map the temporal frequencies, ν, of ψ(x, y, 0 − ,t) onto the spatial points [x 0 (ν), y 0 (ν)] in the output plane z = f . The sought metasurface will be characterized by a complex transmittance function directly operating on the input wave and producing the spectrally resolved output wave at z = f . incident wave ψ(x, y, z;t)
Spatio-temporal metasurface decomposing the temporal spectrum of a broadband wave, ψ(x, y, z;t), in two spatial dimensions, where each frequency ν is mapped onto a specific point
An Equivalent Free-space System
The complex transmittance function, t m (x, y; ν), of the spatio-temporal metasurface can be derived by first considering the equivalent free-space system of Fig. 3 . This system consists of the following three cascaded elements: 1) a thin linear wedge of transmittance t w (x, y) with a wavelength dependent refractive index n(ν), 2) a sinusoidal diffraction grating of transmittance t g (x, y), and 3) a focussing lens of transmittance t l (x, y) with focal length f . The thin wedge and the lens are directly stacked with the diffraction grating, and refraction within the wedge is assumed to be negligible. In addition, paraxial wave propagation is assumed for simplicity. It will be shown that this system is equivalent to the spatio-temporal metasurface of Fig. 2 .
Let us first consider the wedge, whose thickness may be written d(x) = a 0 (x + w 0 ), where a 0 and w 0 are constants. The corresponding transmittance is
while the complex transmittance function of the diffraction grating is given by
f 0 and Λ = 1/ f 0 are the grating frequency and period, respectively. Consider a plane-wave propagating along the z−direction,
so that ψ(x, y, 0 − ;t) = ψ(x, y, 0 − ) = 1, where the explicit time dependence e jνt was dropped again. The wave just after the grating (and before the lens) is then obtained as
Fig. 3: Equivalent free-space system for mapping temporal frequencies ν onto spatial points
The first term in the last relation corresponds to the 0 th diffraction order of the system, whose location in the output plane is independent of ν along the y−direction of the grating [9] , and will therefore be ignored. Considering the lens transmittance function
, the wave at the output of the lens is obtained as
which leads to the field intensity (App. 5.1)
where only one of the diffraction orders is kept, since the other one is its symmetric counterpart. This equation corresponds to the sought frequency-to-space mapping law of the system, where each frequency ν is mapped onto a specific point (x 0 , y 0 ) on the output plane according to
Equation (8b) is the conventional 1-D scanning relation along the y−direction provided by a diffraction grating. On the other hand, frequency scanning along the x−direction follows from the frequency dependent refractive index, n(ν), of the wedge. Leveraging the two mechanism offers precise control over the x− and y−direction decompositions and hence enables efficient 2-D spectral-to-spatial mapping.
The resolution enhancement factor of the dispersive wedge may be defined as (App. 5.2)
where n ′ (λ ) = dn(λ )/dλ . In this relation, the impact of the wedge temporal dispersion is explicit: The enhancement is proportional to the dispersion parameter, n ′ (λ ). For a non-dispersive wedge, R = 1.
Metasurface Transmittance Function
The system of Fig. 3 can be replaced by a single spatio-temporal metasurface with complex transmittance function
focussing lens diffraction grating
combining the effects of the dispersive wedge, diffraction grating and focussing lens in a single element. This metasurface will focus the spectral contents of an incident wave following the frequency-to-space mapping given by (8) at the focal plane, located at z = f , by directly operating on the incident field as
ψ(x, y, f ;t) = F
where F t (·) and F −1 t (·) are the temporal Fourier transform and inverse Fourier transform operators, respectively, and where the convolution product is naturally with respect to space with
as the free-space impulse response under paraxial approximation [9] (4-21). This completes the synthesis of the spatio-temporal metasurface for real-time 2-D spectrum analysis.
Results
Lorentz Dispersive Wedge
Consider a wedge which exhibits Lorentz dispersion with multiple resonances at frequencies ν i,r and line width ∆ν, i ∈ [1, M]. The corresponding susceptibility is given by
and the corresponding refractive index is n(ν) = 1 + χ(ν). Figure 4 plots the real and imaginary parts of the susceptibilities for typical Lorentz dispersion responses in the cases of single resonance (M = 1) and triple resonance (M = 3). Consistently with Kramers-Kronig relations for an electromagnetic medium [22] , resonances coincide with maximal absorption. Moreover, it may be observed that for given line width, the susceptibility swing increases with increasing resonant frequencies. Engineering the locations of the resonant frequencies will thus allow one to tailor the dispersion response of the medium over a broad frequency range. 
Results
Let us assume Gaussian beam illumination in the system of Fig. 2 . In the forthcoming numerical examples, the previous paraxial propagation constraint is suppressed and an exact transfer function is used in (11) 
. The field distribution just after the wedged grating is shown in Fig. 5 along with system parameters. The choice of these (11) showing 1-D frequency scanning in the output plane for uniformly spaced frequencies within the specified bandwidth a) in the absence of wedge, and b) in the presence of a non-dispersive wedge of refractive index n = 3. Only one of the two diffraction orders are shown. Each bright spot represents a distinct frequency ν.
parameters is somewhat arbitrary but corresponds to quantities that can be easily realized in current technologies.
First, consider a trivial case where no wedge is present. The system behaves then as a conventional 1-D frequency scanned system where the diffraction grating performs conventional spectral decomposition along 1-dimension (y−direction here). Figure 6(a) shows the intensity distribution in the focal plane for several frequencies covering the specified bandwidth. The high intensity beam spots move towards the centre along the y−direction following the scanning law (8b) as frequency increases. Consider next the case where a non-dispersive wedge with with n(ν) = n 0 is introduced. Now scanning is shifted along the x−direction to x 0 = a 0 n 0 f following the scanning law (8a), as shown in Fig. 6(b) . This is still a 1-D scan.
The case of real interest is that where the wedge exhibits the dispersive response plotted in Fig. 4 . Figure 7 shows the corresponding output intensity distribution for a single-resonant dispersive response and a multi-resonant dispersion response. As expected, the frequency spots are now moving along both the x− and y−directions as frequency is varied, following the scanning law (8) . The 3-dB contour plots show the exact trajectory of frequencies in the focal plane. The frequency scanning closely follows the Lorentz dispersion response of the wedge. The frequency scanning region is ∆x = a 0 (n max − n min ) f and ∆y = f 0 (λ max − λ min ) f . The number of spatial scanning periods is equal to the number of resonant points M in the Lorentz response. This result successfully demonstrates the principle of frequency scanning in 2-dimensions using a dispersive wedged-grating.
Conclusion
A spatio-temporal metasurface has been proposed to spectrally decompose electromagnetic waves in two spatial dimensions, and this metasurface has been demonstrated using Fourier optics. The characteristics of the metasurface have been derived using an equivalent free-space system consisting of a frequency dispersive wedge cascaded with a conventional diffraction grating and a focusing lens. It has been demonstrated that to achieve 2-D frequency scanning in space, the metasurface needs to exhibit a multi-resonant response in a broad frequency range, in conjunction with the conventional 1-D scanning property of a diffraction grating. The size of the proposed system corresponds to the focal distance specified in the phase profile of the metasurface, and the frequency resolution increases with the number of resonance in the dispersive response of the wedge. Multi-resonant structures have been demonstrated in various systems, using multiple-plasmon resonances [23] [24] [25] and unit-cell designs with multiple resonating elements characterize by different shapes and sizes [26, 27] , and it is therefore expected that multi-resonance could be easily achievable in the proposed metasurface. This metasurface may contribute to pave the road for next-generation light-weight, compact and super-resolution spectrum analyzers.
Appendix
Derivation of Output Intensity I(x, y, f ) (7)
The output wave, in the focal plane, is
Substituting (6) and (12) (15)
Derivation of the Resolution Enhancement Factor R (9)
The frequency resolution in the output plane (Fig. 3) , for a given bandwidth ∆ν = ν max − ν min , depends on the total path length, ∆ℓ, and on the spatial resolution of the detector, ∆r d , indicated in Fig. 8 . If ∆r d and ∆ν are fixed, the frequency resolution directly depends on the total path ∆ℓ. Using the scanning law of (8), the total path length is found to be ∆ℓ = |dr| = (dx 
after using
The resolution enhancement factor R in the dispersive wedge system compared to the system without the wedge is finally defined as R = 
